Towards A Nonsingular Tachyonic Big Crunch 
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We discuss an effective field theory background containing the gravitational field, the dilaton and 
a closed string tachyon, and couple this background to a gas of fundamental strings and D strings. 
Allowing for the possibility of a non-vanishing dilaton potential of Casimir type, we demonstrate 
the possibility of obtaining a nonsingular, static tachyon condensate phase with fixed dilaton. The 
time reversal of our solution provides a candidate effective field theory description of a Hagedorn 
phase of string gas cosmology with fixed dilaton. 
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I. INTRODUCTION 

It is widely believed that the ultimate theory of space, 
time and matter must resolve the space-time singulari- 
ties which generically arise when using Einstein's theory 
of General Relativity. The resolution of cosmological sin- 
gularities is essential in order to be able to construct a 
theory of the very early universe which is genuinely pre- 
dictive, and the resolution of the singularity inside of 
black holes is crucial in order to completely resolve the 
black hole information loss problem. 

Over the past two years, the challenge of trying to re- 
solve space-like singularities has been taken up by many 
researchers working on string theory. Various new tools 
have been employed, notably the AdS/CFT correspon- 
dence [H, , matrix theory 0, 0] c = 1 matrix theory 5 1 , 
matrix string theory Q, and tachyon condensation 7|. 
Whereas the first four approaches are non-perturbative 
in nature, the last one is based on perturbative ideas. 
In this paper, we will explore the possibility that closed 
string tachyon condensation could lead to a quasi-static, 
nonsingular final state of cosmology. The time reversal 
of this dynamics might lead to a nonsingular initial state 
for string cosmology. 

Closed string theories often contain states which be- 
come tachyonic when the parameters of the background 
space on which the perturbative string theory is set up 
reach certain values. For example, in bosonic string 
theory or in the heterotic string theory (with Scherk- 
Schwarz boundary conditions on the fermions), there are 
string winding modes which become tachyonic when the 
size of a spatial section decreases below some critical 
value. The occurrence of the tachyon signals an instabil- 
ity of the background. The resulting evolution towards a 
new ground state can be described in terms of "tachyon 
condensation" (see e.g. [1| for reviews on closed string 
tachyon condensation). The tachyonic mode condenses 
in a way analogous to how the Higgs field condenses dur- 
ing the process of spontaneous symmetry breaking. The 
system will evolve towards a new and stable ground state 
which is called the "tachyon vacuum" . 

Closed string tachyon condensation in a cosmological 
context was initially considered in Q (see also Q). It 
was argued that fluctuating degrees of freedom disap- 



pear once the tachyon condenses, leading to the effective 
disappearance of space itself. It would be nice to be 
able to understand the onset of tachyon condensation at 
the level of an effective field theory. An initial attempt 
at analyzing this issue was made in [To| . where an ef- 
fective field theory containing gravity, the dilaton and a 
closed string tachyon was considered. In that work, vac- 
uum solutions were considered, and it was found that, 
although the string frame metric after tachyon conden- 
sation was static, the dilaton was time-dependent and 
tended to strong coupling. 

From early works on string gas cosmology [ill Il2| (see 
0, [3 fo'^ recent reviews) it is known that string matter 
degrees of freedom, in particular string winding modes, 
can play an important role in the cosmological evolution 
of the system. In this paper, therefore, we will couple 
a gas of stringy degrees of freedom as matter sources to 
the background action considered in [l^] and investigate 
the possibility that the system reaches a static Hagedorn 
phase .34il after the universe contracts. Since we know 
from [lO| | (in the context of vacuum solutions) and [l^ 
(in the context of string gas matter) that the dilaton 
increases towards the strong coupling regime in the Big 
Bang/Crunch region (large tachyon and Hagedorn phases 
respectively), and thus D-branes become lighter while the 
fundamental strings become heavier, we will include as 
matter sources both F-strings and D-strings. 

We find that in the absence of a dilaton potential, it 
is not possible to obtain static solutions. However, if 
we add a potential of Casimir type which stabilizes the 
dilaton, it becomes possible to find a static solution which 
represents a candidate for a nonsingular final state of the 
universe after contraction. 

In the following section, we will derive the cosmological 
equations of motion for our dilaton-tachyon background 
coupled to string matter sources. In Section |TTT] we de- 
termine some solutions to these equations. We will show 
that, provided a suitable potential for the dilaton is in- 
troduced, it is possible to obtain a static solution with a 
tachyon condensate. Section IIVI is devoted to a discus- 
sion of possible implications for cosmology, in particular 
for string gas cosmology. 
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II. EQUATIONS OF MOTION 

Our starting point is the following action Sg for the 
background gravitational field, the dilaton $ and the 
tachyon T (generalized from the action given in [lo|): 



(1) 



[R + 4(V$)2 - (Vr)2 - V{T) - V{<P, A)] , 

where g is the determinant of the metric, R is the Ricci 
scalar, V(T) is the tachyon potential, and we have intro- 
duced a dilaton potential V{^, A) which also depends on 
the scale factor in a way which could arise if the poten- 
tial comes from a Casimir-type force. We will take the 
metric to be homogeneous and isotropic, i.e. 

ds^ = -N^{t)dt^ + a{tf{dx^ + dy^ + dz^) , (2) 

where N(t] is the lapse function. Following the standard 
notation |17| . we will write the scale factor a{t) in terms 
of the function X{t) as 

a{t) = e^(*) . (3) 
With this ansatz, the background action Sg becomes 
1 /■ . 1 



Sa = 



2k2 
[3A^ 



3A-2* 



dt-e 
(3A-2$)2 



(4) 



N^V{T) - 7V2y($, A)] 



We will couple a gas of string matter to the above 
background action. The action for a gas of fundamental 
strings is 



Spi — 



dtNFFi{X,f3N) , 



(5) 



where Fpi is the free energy density of the gas of strings 
and P is the inverse temperature. Since, in the absence 
of matter, the dilaton is dynamical and increases towards 
the large coupling regime as tachyon condensation pro- 
gresses, it is important to include, in addition to the fun- 
damental strings, a gas of D-strings which become light 
at large dilaton values. As can easily be derived from 
S-duality considerations, the action Sdi of a gas of D- 
strings is given by 



S 



Dl 



dtNe~'"^FDi{X-2<i>,(3N) 



(6) 



where Fdi is the free energy of the gas of D-strings. 

The reader should note that the objects we call D- 
strings are not the Dl-branes of type II string theory; 
in particular, for the heterotic string, stable D-branes do 
not exist. However, for compactification on a 6D torus, 
an NS5-brane wrapped on a 4 dimensions of the torus is 
S-dual to the F-string (at tree level), just as a D-string 
would be in lOD type IIB string theory [l^. This occurs 



because the S-duality used in this paper is S-duality of 
the 4D dilaton <&, which already includes the size moduli 
of the compactification, as opposed to the S-duality of 
the lOD type IIB string. For a complete thermodynamics 
invariant under the full SL{2, Z) duality, we should also 
include bound states of the F- and D-strings; that is, we 
should consider the gas of all type of string states. 

It proves convenient to rewrite the action in terms of 
the shifted dilaton ip defined via 



We obtain 



1 

2^ 



ip = 2$- 3A. 



dt—e"^ 
N 



(7) 
(8) 



[3A2 ~ip^ + - N^V{T) - N'^V] 



where we must keep in mind that V depends on both A 
and if. 

The variational equations of motion with respect to N, 
A, cp and T then become (after setting = 1): 

-3A2 + ip^ - V -f^ -ViT) 

= 2K^eyEFi + 2K^e-^^EDi, (9) 
. ; 1 d'V 

= '^e^PFi + n^e-^^Fu, - '^e-^^Pu,m 

dV 



2{p - 2,y -ip-" -T-' + V(T) + V~ — 

dip 



2K^e'^^FDi + 2K''e-''^Pi 



Dl 



IdV 

T - Ttp-\ = 0, 

^ 2dT 



(11) 
(12) 



where E and P denote the total energy and pressure, re- 
spectively, and the subscripts indicate whether the terms 
refer to the contributions of the fundamental strings or 
the D-strings, respectively. Note that in the second equa- 
tion, the partial derivative d indicates that the derivative 
is to be taken at constant value of (p. Rewritten in terms 
of partial derivatives with respect to the original field $, 
we have 



dV _ dV 3dV 
WX ~ 'dX~^2d^' 

III. SOLUTIONS OF THE EQUATIONS 



(13) 



In the absence of a tachyon and of D-strings, and with- 
out a dilaton potential, our equations of motion (| MT^ 
reduce to the ones used in the context of string gas cos- 
mology and which were first discussed in [l?] . [l3 | : 



2ip 



3X' - 
X- 
-3A2 



= 2K^e'^EFi , 



i^A 



Fl : 



= 0. 



(14) 
(15) 
(16) 
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Adding HH) to (HH) we obtain 



(17) 



From these equations it foUows that, if the pressure 
of the string gas vanishes, the source term in the equa- 
tion of motion (jlSp for the scale factor [3^1 vanishes. If 
we consider the region of phase space in which < 0, 
the running dilaton acts as friction, and the scale factor 
approaches a constant. This situation is realized if we 
consider a gas of closed strings on a compact space with 
stable winding modes [HI, 113] ■ In this case (in the context 
of an expanding universe), as we go back in time and the 
temperature approaches the Hagedorn temperature, the 
contributions of the string winding and string momentum 
modes combine to give vanishing pressure, and the string 
frame scale factor is static. However, from (IT71) it follows 
that the dilaton is running, and for the branch of solu- 
tions of interest in string gas cosmology [ll|, [11, [l^l , the 
dilaton increases without bound as we go back in time, 
and thus rapidly approaches the strong string coupling 
regime. 

In 10], another limiting case of our basic equations 
([ WT^ was studied, the limit in which there is no string 
matter - only the background fields and the tachyon are 
present. In addition, the dilaton potential is set to zero. 
In this case, we obtain the following equations: 



3A' + if' 



V{T) 
A — 93A 

2(p - 3A2 - (yj^ - + V{T) 

f-T^+i^^O. 
^ 2dT 



0, 
0, 
0, 



(18) 
(19) 
(20) 

(21) 



The authors of 10] were interested in the dynamics 
which occurs once tachyon condensation sets in. Thus, 
they considered a tachyon potential V{T) for which 
Minkowski with fixed dilaton and vanishing value of the 
tachyon is an unstable point, i.e. 



V{T) = ~]Wt' + 0{T^) . 



(22) 



It was shown that, during the phase of tachyon condensa- 
tion, there are solutions in which the string frame metric 
is static. However, as can be seen from the dilaton equa- 
tion of motion, the dilaton runs off to the strong coupling 
regime, and in fact reaches a strong coupling singularity 
in finite proper time. The solutions were interpreted in 
[loj as corresponding to a big crunch occurring in finite 
proper time. 

If we are interested in the big crunch in cosmology, it 
is not justified to neglect matter. If the dilaton has the 
tendency to run towards the strong coupling regime, it 
is also not justified to focus on fundamental strings as 
the only matter source. Hence, we need to add both fun- 
damental strings and their s-duals, namely D-strings, as 
matter sources to the system, as we have done in Section 
im Since the D-strings have a couphng strength to the 



gravitational background which depends inversely on the 
dilaton compared to the coupling of F-strings, there is 
the hope that by adding both D-strings and F-strings, 
the dilaton might be naturally stabilized, even in the ab- 
sence of a stabilizing dilaton potential. This idea has 
already been investigated by [13], [12] and [13]. How- 
ever, at the level of the effective field theory equations 
we have derived ([ MT^ this hope is not realized. This 
can be seen most easily in the following way. We com- 
bine the equation and pT|) to obtain (for fixed value 
of A) 



E 



Fl 

1 



+ K^e-^^Em 



'Dl 



K^e-^^Poi 



(23) 



On the other hand, from the equation pH)) it follows that, 
for vanishing fundamental string pressure, the relation 



Fdi — '^Pdi 



(24) 



is required to be consistent with a static solution. Insert- 
ing this relation into ([23|) it follows that, for an equation 
of state of D-strings with P > —E, the right hand side 
of the equation is the sum of two positive terms, and 
thus is inconsistent with the left hand side being nega- 
tive. Hence, without the dilaton potential, the dilaton 
cannot be time-independent. 

We will now look for solutions to © in the presence of 
a non-trivial dilaton potential which have fixed scale fac- 
tor and fixed dilaton. This ansatz is consistent provided 
that 



rp2, 



I dV 



-V -V - 2K'e'^EFi 

-2K'e~^^EDi , 
^2 



2k" 



e-^^Pni 



T' = V + V- 



dV 

dip 



2K,^e-^^FDi 



~2K'e-^^PDi 



2dT 



^ 0. 



(25) 

(26) 

(27) 
(28) 



It is straightforward in this case to integrate to 
find 



rjiZ 



- V(T) 



(29) 



where Vb is the value of the potential at the point when 
T = 0. So the tachyon rolling is undamped and unaf- 
fected by any other expectation values in this case. 
Adding ^ and (HZD yields 

dV 

- — = 2r2 + 2K'e'^EFi + 2K'e-^^EDi (30) 
dip 



2K'e-^^FDi + 2K^e-'^PDi 



2„-3A 1 
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Combining (pS)) and ([50]) in order to eliminate the term 
containing Fjji we obtain 

dV 1 d V -n o„ OQi 

a(/3 3 a A 

+^e^PFi + ^e-3Ap^i . (31) 

Making use of (fT3|l to express the partial derivative for 
fixed ip in terms of partial derivatives with fixed we 
find that only the contribution of the second term in 
survives, and the left-hand side of pT|) becomes 

We thus see that a dilaton potential which is independent 
of A is not sufficient to stabilize the dilaton. A Casimir- 
type potential is required in order to obtain a Hagedorn 
phase with fixed dilaton. A potential of the form 

y($,A) = e-''^VF($) (33) 

or 

F($,A) = We-'^^ + W{<^) (34) 

would have the right sign of its partial derivative (if W is 
negative) to make it possible to satisfy pip without any 
violation of the usual energy conditions. 

Next, from ([25]) we see that, provided that the poten- 
tial adjusts itself to cancel the energy densities of the 
matter gases and the tachyon velocity, the Hamiltonian 
constraint equation is satisfied: 

-V -V = + 2K^efEFi + 2K^e-^^EDi ■ (35) 

This of course requires a negative cosmological constant. 

An important issue is the stability of the solution we 
have found. We have not yet performed a complete sta- 
bility analysis. An initial investigation shows that, in the 
limit of negligible tachyon mass, the solution is stable to- 
wards linear perturbations provided that the dilaton po- 
tential obeys a further constraint on the difference of its 
first and second derivatives. We hope to return to this 
issue in the future. 

In conclusion, we have shown that, provided the tun- 
ings (l3T|) and ([35|) for the tachyon and dilaton potentials 
are satisfied, then it is possible to obtain a tachyon con- 
densate background in which both the scale factor and 
the dilaton are static. The tuning (|35p of the tachyon po- 
tential depends on the energy of the system. We can try 
to interpret this tuning as an adjustment of the cosmo- 
logical constant. However, it does not appear natural at 
the level of the current effective field theory analysis that 
this tuning should depend on the matter content of the 
universe. However, if the effective cosmological constant 
adjusts itself dynamically as in the scenarios of [l^l and 
[23|, then one might imagine that such an adjustment 
might be possible. 



IV. CONNECTION TO COSMOLOGY 

The picture of tachyon condensation in a collapsing 
universe is as follows: initially, the universe is decreas- 
ing in size and no tachyon is present. Once the size has 
reached some critical value, the tachyonic modes begin 
to condense, and the field T begins to roll away from 
T = 0, the local maximum of its effective potential. In 
the context of our effective action, we expect that a non- 
singular tachyon condensate phase should have constant 
scale factor and dilaton. We have only been able to find 
this behavior by introducing a dilaton potential with ad- 
ditional Casimir-like dependence on the scale factor. 

The time reversal of this nonsingular tachyon big 
crunch would be a candidate for a nonsingular Hagedorn 
phase with fixed dilaton. In the context of this back- 
ground, one would then be able to realize the recently 
suggested j25l . [26l | "string gas cosmology structure for- 
mation scenario" in which thermal fluctuations of a gas 
of closed strings during the Hagedorn phase generate a 
nearly scale- invariant spectrum of adiabatic cosmological 
fluctuations with a slight red tilt and a spectrum of grav- 
itational waves with a slight blue tilt [23| . In the follow- 
ing, we first present a brief review of the new structure 
formation scenario 36]. In particular, we comment on 
why our new background satisfies the criteria required to 
make the scenario of [25| work. 

String gas cosmology [ll|, [l2| is an attempt to con- 
struct a toy model of the early universe incorporating 
key symmetries and new degrees of freedom which dis- 
tinguish string theory from point particle field theory. 
The key symmetry which has been made use of exten- 
sively in string gas cosmology is T-duality, the key new 
stringy degrees of freedom are string oscillatory modes 
and closed string winding modes, neither of which are 
present in field theories. The presence of string oscilla- 
tory modes leads to the existence of a limiting tempera- 
ture, the Hagedorn temperature [lB| for a gas of strings 
in thermal equilibrium. 

In the following, we will imagine that all spatial sec- 
tions are compact, admitting stable one cycles. In this 
case, string modes which wind the spatial cycles are sta- 
ble. String states are thus characterized by their cen- 
ter of motion momentum quantum number, an integer 
n, the winding number m (another integer), and the 
quantum numbers describing string oscillations. The T- 
duality symmetry is the invariance of the spectrum of 
string states under the interchange R — > 1/i?, where R 
is the radius of the spatial sections (in units of the string 
length) , provided that the quantum numbers n and m are 
also interchanged. Based on this symmetry, a universe 
with radius R is equivalent, at least in terms of string 
thermodynamics, to a universe of radius 1/i? 11]. 

Based on the above string thermodynamic analysis, 
it thus appears reasonable to expect that string theory 
should lead to a nonsingular cosmology, where i? = 1 is 
a pivot point of the dynamics between a branch of cos- 
mological expansion and another branch of cosmological 
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contraction which, in the correct units, to an observer 
looks identical to that of an expanding universe 
The state of the system at this pivot point should corre- 
spond to a dense gas of strings at a temperature close to 
the Hagedorn temperature. We call this the "Hagedorn 
phase" . 

It is obvious that the correct description of the 
Hagedorn phase will require the knowledge of non- 
perturbative string theory. In the absence of such a the- 
ory, we are forced to develop toy models of a classical 
background space-time coupled to a gas of strings. This 
is what we mean by "string gas cosmology" . 

It is clear from the outset that our background cannot 
be described by General Relativity (GR) since GR vio- 
lates the T-duality symmetry. A key requirement for a 
string gas cosmology background is that it be able to de- 
scribe the transition from a static Hagedorn phase to the 
expanding radiation phase of standard cosmology with- 
out requiring matter which violates the weak energy con- 
dition |37j] . In a lot of the work on string gas cosmology 
(beginning with [13] )j dilaton gravity was used as a bet- 
ter justified background since it includes the dilaton at 
the same level as the graviton, as should be the case in a 
string theory model. 

As we have already seen in Section [Till in dilaton grav- 
ity, whereas the string frame scale factor is indeed con- 
stant in the Hagedorn phase, the dilaton is not constant. 
In fact, following the radiation phase of standard cos- 
mology into the past in the context of the dilaton gravity 
equations, we find that the dilaton begins to diverge to- 
wards strong coupling when the string gas approaches 
the Hagedorn temperature. Thus, in dilaton gravity the 
expected symmetry between large R and small R is not 
realized. Another way to put this problem is the fol- 
lowing: the dilaton gravity description of the Hagedorn 
phase is in conflict with another key symmetry of string 
theory, namely S-duality. 

A background in which both the dilaton and the scale 
factor are constant in the Hagedorn phase (and, in con- 
sequence, the string frame and the Einstein frame coin- 
cide), will yield a better description of what we believe 
the true stringy description of the Hagedorn phase will 
look like. Therefore, we have been motivated to include 
a potential that stabilizes the dilaton near the S-duality 
fixed point. 

A background with constant dilaton is also crucial in 
order to implement the string gas structure formation 
scenario of [25|. In this scenario, thermal fluctuations of 
a gas of closed strings induces the cosmological pertur- 
bations. During the Hagedorn phase, the Hubble radius 
is infinite, and thus there are no obstacles to the gradual 
development of thermal equilibrium. At the end of the 
Hagedorn phase string winding modes decay into radi- 
ation and the pressure of the string gas increases from 
zero to the value it has in the radiation phase. Thus, 
at the end of the Hagedorn phase, the Hubble radius 
rapidly decreases to a microscopic value, and fixed co- 
moving scales quickly exit the Hubble radius. Matter 



fluctuations established in the Hagedorn phase induce 
metric fluctuations (see l29j for a comprehensive review 
of the theory of cosmological perturbations, and [sO] for a 
pedagogical summary). Provided that the gas of strings 
contains stable winding modes, the specific heat of a re- 
gion scales as R^ with the radius R of the region [ssj . 
If the metric fiuctuations can be inferred from the mat- 
ter fluctuations at Hubble radius crossing making use of 
the Einstein constraint equations, then a roughly scale- 
invariant spectrum of cosmological perturbations with a 
small red tilt results. However, as discussed in detail in 
[l^, in dilaton gravity the dilaton fluctuations cannot 
be neglected and lead to a blue spectrum (see also 28] ) . 
This emphasizes the need to stabilize the dilaton. 

In Section Hm we have constructed a background which 
indeed features both constant scale factor and dilaton, 
and which thus is a candidate for an improved description 
of the Hagedorn phase. A key question to ask, therefore, 
in order to make contact with the work of [1^ is how 
the dynamics described in Section IIIII can be realized in 
the context of an expanding cosmology. 

We imagine starting the universe in the tachyon con- 
densate phase discussed in this paper, but with a tachyon 
which is climbing up its potential instead of rolling down 
as it does when we are considering a collapsing universe. 
One can then imagine that when the tachyon reaches the 
local maximum of its potential at T = 0, the tachyon 
disappears. If the dilaton is flxed by its potential, we 
will then be emerging into an expanding universe. In 
this context, the tachyon phase can provide the strong 
coupling Hagedorn phase postulated in p^ . 



V. CONCLUSIONS 

In this paper we have constructed an effective fleld the- 
ory background which leads to a nonsingular big crunch. 
Our background includes usual gravity, the dilaton, and 
a tachyon condensate. Matter is described by a gas of 
closed fundamental strings and also includes a gas of 
D-strings. We have shown that, provided we introduce 
a non-vanishing dilaton potential with Casimir-type de- 
pendence on the volume, and tune both the tachyon and 
dilaton potential to appropriate values, a phase with con- 
stant scale factor and constant dilaton is possible. (The 
presence of the tachyon itself neither helps nor hinders 
the stabilization of the dilaton.) Such a state can be ob- 
tained via tachyon condensation from a contracting phase 
of standard cosmology. 

Our construction may appear rather baroque. How- 
ever, we should keep in mind that, if we start with a 
gravitational action which is based on Einstein or dila- 
ton gravity, we are starting from a point far removed from 
one in which all of the symmetries expected from string 
theory are manifest. Our work is therefore intended more 
as an "existence proof which might shed some light on 
what the key ingredients of the ultimate description of 
the Hagedorn phase might be [3§] . 
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We have speculated that the time reversal of our big 
crunch construction could provide a good description of 
an initial Hagedorn phase of string gas cosmology with 
fixed scale factor and dilaton in which the recently pro- 
posed string gas structure formation scenario [25l.l2pl c an 
be realized. A concern at this point is that in 
is assumed that the cosmological fluctuations can be de- 
scribed using the Einstein equations. What ensures that 
this is the case given our modified dynamics? 

A concrete toy model in which this question can be 
analyzed is the higher derivative, ghost-free and asymp- 
totically free higher derivative gravity model of [1^ . Cos- 
mological solutions of this theory lead to a bouncing cos- 
mology. The dilaton is fixed in this model. The dynamics 
away from the bounce point rapidly approaches that of 
standard cosmology. As discussed in [33| , this model pro- 
vides a background in which the string gas structure for- 
mation scenario can be realized. It is justified to use the 
equations of motion of Einstein gravity to describe the 
evolution of cosmological perturbations near the bounce 
because the effects of the higher derivative terms in the 
action are suppressed by powers of k/M, where k is the 
physical momentum scale of the fluctuation mode, and 
M is the cutoff scale. The length scale corresponding 
to k is, for scales of interest in cosmology today, about 
1mm, whereas the length scale corresponding to M will 
be given by the string length. Thus, the correction terms 
will have a negligible effect. 

Returning to our scenario, it the dilaton remains frozen 



during the transition between the tachyon condensate 
phase and the radiation phase of standard cosmology, a 
transition induced by a change in the equation of state of 
the strings (for example triggered by the decay of string 
winding modes into string loops), then the scale factor 
will begin to increase, thus providing the cosmological 
background required for the structure formation scenario 
of [25]. Since the dilaton is fixed, it is justified to use the 
usual equations of motion of the theory of cosmological 
perturbations in the Einstein frame to follow the evolu- 
tion of the fluctuations. 
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